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Abstract 

Let T be a multilinear operator which is bounded on certain products of un- 
weighted Lebesgue spaces of M". We assume that the associated kernel of T satisfies 
some mild regularity condition which is weaker than the usual Holder continuity of 
those in the class of multilinear Calderon-Zygmund singular integral operators. We 
then show the boundedness for T and the boundedness of the commutator of T with 
BMO functions on products of weighted Lebesgue spaces of M". As an application, 
we obtain the weighted norm inequalities of multilinear Fourier multipliers and of 
their commutators with BMO functions on the products of weighted Lebesgue spaces 
when the number of derivatives of the symbols is the same as the best known result 
for the multilinear Fourier multipliers to be bounded on the products of unweighted 
Lebesgue spaces. 
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1 Introduction 



The theory of multihnear Calderon-Zygmund singular integral operators, originated from 
the work of Coifman and Meyer, has had an important role in harmonic analysis. This 
direction of research has been attracting a lot of attention in the last few decades, 
see for example jUMTl \CM2i [UMSl CTl [ESI ILUPTG] for the standard theory of mul- 
tilinear Calderon-Zygmund singular integrals. Recently, there are a number of stud- 
ies concerning multilinear singular integrals which possess rough associated kernels so 
that they do not belong to the standard Calderon-Zygmund classes. See, for example 
[DHYl IDGGLYl OLYl [H OS] and the references therein. 

In this paper, we aim to study the boundedness of multilinear singular integral oper- 
ators on product of weighted Lebesgue spaces. Assume that T is a multihnear operator 
initially defined on the m-fold product of Schwartz spaces and taking values into the space 
of tempered distributions, 

T : S{W) X ... X 5(M") ^ S'{W) 

By the associated kernel K{x,yi, . . . ,ym), we mean that is a function defined off the 
diagonal x = yi = . . . = ?/m in (M")'""''"'^, satisfying 

T{fi, - ■ ■ ,frn){x) = / K{x,yi,...,ym)fi{yi)...fm{ym)dyi...dym 

for all functions fj G iS(]R") and all x ^ n^^supp/j, j = 1, . . . , m. 

In what follows, we denote dyi . . . dy^ by dy. For the rest of this paper, we assume 
that there exist po > 1 and a constant C > so that the following conditions holds: 

(HI) For all po < qi,q2, ■ ■ ■ ,qm < oo and < g < oo with 

1 11 
- + ... + — = -, 

Qi qm q 

T maps X ... X L"'" into L*?'"". 
(H2) There exists 6 > n/po so that for the conjugate exponent p'q of po, one has 

... / \{K{x,yi,ym) - K{x,yi,...,y,nW°dy] 

|„ _ ™|m(5-n/po) ^ 

< n-mSjo 

\Q\m5/n 

for all balls Q, all x, x G and (ji, . . . , ym) 7^ (0, . . . , 0), where jo = maxjjfc : k = 
1, . . . , m} and Sj{B) = 2^Q\2^-^Q if j > 1, otherwise Sj{Q) = Q. 
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Under the assumptions (HI) and (H2), the multihnear operator T may not fall under 
the scope of the theory of multilinear Calderon-Zygmund singular integral operators in 
{GTj . An important example is the multilinear Fourier multiplier operators: 

for all f,g & iS(M") when the function m is not sufficiently smooth (see Section 3 for 
precise definition). Indeed, if the number of derivatives imposed on the function m is 
not large enough, one may not expect the standard pointwise estimate for the kernel of 
Tm in general. The aim of this paper is to prove the weighted norm inequalities of such 
a multilinear operator T and weighted estimates of the commutator of T with a BMO 
function. We then consider the multilinear Fourier multiplier operator T = in which 
the number of derivatives of the symbol m is the same as that of [T[ IGS] which guaran- 
tees the multilinear Fourier multiplier to be bounded on the products of unweighted 
Lebesgue spaces [U Corollary 1.2] and |GSt Theorem 1.1]. In this setting, we obtain the 
weighted norm inequalities for and for the commutators of T„ and a BMO function. 

The layout of the paper is as follows. In Section 2, we recall some basic properties 
on weighted estimates for some maximal operators. The results on weighted estimates 
of multilinear operators and their commutators with BMO functions will be addressed in 
Section 3. As an application, we will consider in Section 4 the weighted norm inequalities 
for multilinear Fourier multiplier operators and their commutators with BMO functions. 

2 Sharp maximal function and weighted estimates 
2.1 Sharp maximal operators 

We denote the Hardy-Littlewood maximal function with respect to balls on M" by M. 
For 5 > 0, let Ms be the maximal function 

Ms fix) = M{\f\Y' = {s^Vj^J^\fiy)\'dyy\ 

Also, let M " be the standard sharp maximal function of Fefferman and Stein, 
M«/(x)=sup infi- [ \fiy)-c\dy ^ sup ^ /" |/(y) - /g^y, 

where /q = ^ Jq f{y)dy and M| is defined by M»(/) = (M»(|/|^))i/5. 

We will denote the Muckenhoupt class by A^o- Let a; be a weight in the Muckenhoupt 
class Aoo and let < p, 5 < oo. It is well known that (see, for example |FSj ) there exists 
C > (depending on the A^o constant of u) such that 

[ {Msf{x)Yuj{x)dx <C [ iMlf(x)yu{x)dx, (2) 

for any function / for which the left hand side is finite. 
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2.2 Multiple weights 

For m exponents pi, ...,Pm, we denote by p the number given by 1/p = 1/pi + . . . + l/pm, 
and P for the vector P = {pi, . . . ,pm)- The following definition of the class of multiple 
weights Ap is taken from [LOPTG] . 

Definition 2.1 Let 1 < pi, ...,Pm < oo. Given u = (wi, . . . ,Um), set 



n 



p/pj 



for all balls Q. We say that uj satisfies the Ap condition if 



sup 



1 



\Q\ 
i-p'Vip'. 



i/p 



^0 



< oo. 



(1— p'\ 'Pj 
j^^J^Uj ^] ^ is understood as {miQUj)~^ . 



Remark 2.2 Note that if a; G Ap then t^;^ G A^p and there exists min{pi, . . . ,Pm} > 
r > 1 such that uj G Ap^^, where P/r = {pi/r, . . . ,pm/r), see [LOPTGj . 

For / = (/i, . . . , fm) and p > 1 we define the operator JUp by setting 



m „ 

A^,(/)(x) = supn(^ / my^Wdy, 



i/p 



Note that the operator Aip when p = 1 was introduced by [LOPTG] . When p = 1, we 
write Ai instead of A^i. We have the following the weighted estimate for multilinear 
operator J^p{f). 

Proposition 2.3 Let Po > ^ and pj > pq for all j = 1, . . . , m and ^ = ^ + . . . + 

Then 



MpM) 



< 



if and only if u e Ap^^^, where P/po = (pi/po, • • • ,Pm/Po)- 

Proof: We have Mp,{f) = ^Yieie p° = (/f°, . . . , Hence 



MpM) 



M{f) 



PO 



Using [LOPTGl Theorem 3.7], we obtain 



M{f) 



PO 



This completes our proof. 



m 

<c\{U 



m 
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3 Main results 



3.1 Weighted estimates for multilinear operators 

The following result is an estimate on the Fefferman-Stein maximal function acting on 
T(/) in terms of Hardy-Littlewood maximal function. 

Theorem 3.1 Let T satisfy (Hi) and (H2) and let < 5 < po/m. Then for any f in the 
product space L''i(M") x L'^^(W) x ■ ■ ■ x L*™(]R"') with po < qj < 00 for j = 1, 2, ■ ■ ■ m, 
one has 

Ml{T{f)){x)<CMM{x). 



Proof: Fix a point x and a ball Q 3 x. Due to the fact that 
all < r < 1, we need only to prove that 



l^r - W <\a- for 



\TU){z) - cqUz) <CMM{x), 



where the constant cq is to be fixed later and depends on Q. Using the standard argument, 
see for example |GT[ ILOPTGj . for each j we decompose fj = fj + f°°, where f^ = 
fjXQ-,3 = 1, . . . ,m, and Q* = 8Q. Then 

m 

j=l ai,...,a,„e{0,oo} 
m 

= n^i(^^)+ E /r(z/i)---/r(i/j 

j = l {a\,...,am)€Xa 

where Xq, = {(ai, . . . , am) : there is at least one aj 7^ 0}. So, we can write 
T{f){z) = T{f){z) + ^(/" • • • /-'")(^)- 

Due to (HI), T maps L^^ x . . . x 1/° into This together with Kolmogorov 

inequality tells us that 

(— [ \T( f^\(A\^rlyV^^ < r\\T( 



Vini/ \Tiniz)\'dz] <q|T(r)(^)||^.o/™.oo(Q,^) 

< CA<„(/)(x). 

To estimate the remaining terms, we choose cg = X](ai a™)gXQ '^•^1*^ • ■ ■ fm")i^)- ^^^^ 
verify that 

E • • • /r )(^) - nfr . . . /r )(^)i < cm,m^). (3) 

(ai,...,Q:m)eXa 



For («!, . . . , «m) G Xq, we assume that tti = . . . = a; = oo and ai+i = . . . = = 0, 
/ > 1. For such a (cti, . . . , a^), we can write 

TOr---/^)(^)-wr---/^)(^)i 

< / |i^(^,^)-i^(a;,^)ni/.(%)l%"' 

I m 

< I \K{z,y)-K{x,y)\U\friy^)\ U \f?iyj)\dy 

"\<9*)'x(Q*)™-' 



j=l j=l+l 

< E / / mz,y}-K(x,g)\l[\f^{y,)\ll\f^{yj)\dy 
Using Holder inequahty and (H2), we have 

E / f mz,y)-K{x,mil\friyj)\Il\f?iyj)\dy 

<C if I ■ I \K{z,y) - K{x,y)fody) 

n(/ i/.(%)r^%) '° n (/ '° 



X 

3 = 1 -^^'^'^ j=i+l 
/J* rrao/n 



J1,...J;>1 

I 



\Q*\mo/n 1^ I 



1 2; _ ^\'m,{5—n/po) 



as long as 5 > n/po and x,z & Q, where jo — max{ji, This completes our proof. 

The following theorem is our main result of weighted estimates for multilinear opera- 
tors with rough kernels. 
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Theorem 3.2 Let T satisfy (Hi) and (H2). For any pq < pi, ... ,pjn < oo and p so that 
1/pi + . . . + 1/pm = 1/P ^ ^ ^P/po' have 

m 

\\nf)\\LH..)<ci[my^^^y 

i=i 

Proof: The proof is just the combination of the resuhs of Theorem 13.11 Proposition 
12.31 and the weighted norm inequahty ([2]). 



3.2 Weighted estimates for commutators of multilinear opera- 
tors with BMO functions 

We next obtain an estimate on the sharp maximal function of the commutator of a BMO 
vector function and the muhihnear operator. Given a locally integrable vector function 



., bm), we define the m-linear commutator of b and the m-linear operator T by 

m 



where 



7H-(/) = 6,.T(/)-T(/i,...,6,/,,...,/J. 
We use the notation ||6||_ba/o = maxj ||&j||BA/o- 

Theorem 3.3 Assume that T satisfies (HI) and (H2). Let Tg he a multilinear commu- 
tator with b G BMO"^ and let < 6 < e < Po/m. Then for any qo > po there exists a 
constant C > 0, depending on 6 and e, such that 

Ml(T^,{mx) < C\\b\\BMoM,M){x) 
for all bounded measurable vector functions f = (/i, . . . , fm) with compact supports. 

Proof: By linearity it is sufficient to consider the particular case when b = b E BMO. 
Fix b G BMO and consider the operator 

T,(/)(x) = 6(x)T(/)-T(6/i,...,/J. 

Fix X G M". For any ball Q with center at x, set Q* = 8Q. Then we have 

T,{f){x) = {b{x) - bQ,)T{f){x) - T((6 - • • • , fm){x). 

Since < 5 < 1, 



^\Q\ 



\nif){z)f 



dz 



1/5 



- ^\Q\ 



\n{f){z)-c\'dz 



1/5 



c 
} 

c 
Q 
I + 11 



- ^\Q\ 
(— 



1/5 



\{b{z)-bQ.)T{f){z)\'dz 
T{{b-bQ,)fi,...J^){z)-c\'dz) 



1/5 
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Pick p > 1 so that 6p < e < po/m and 6p' > 1 . By John-Nirenberg inequality and Holder 
inequality, one has 



l/p5 



Q 



<C\\b\\sMo{^J^\nf){z)\^'dz 
<C\\b\\BMoM,iTif)){x). 



Using the similar decomposition to that in the proof of Theorem 13.11 we can write 

m 

j=l oi,...,amg{0,oo} 
m 

= n/i(^^)+ E /r(i/i)---/r(z/^)- 

i=l {ai,...,am)€'Ia 

Let c = E(„„...,a™)ex. ^((^ - ^Q^/r • • • /^-)(^)- We have 

1/5 



+ E / - v)/r, • • • , /r )(^) - - v)/r 
= ih+ Yl ^w-^m- 

{a-i_,...,a,n)&Xa 

We estimate the term J/i by using Kolmogorov inequality and Holder inequality, 



JT){^)\'dz 



Ih<C\\T{{b-bQ.)f^,...J^ 



rn) IIlpo/»".°o(Q, 

I Q I 



1/po 



<C||6||b„oM,„(/)(i). 

Concerning the second term ^ 1 1 a^... ami by using a similar argument to that in 

(ai,...,am)ela 

the proof of Theorem I3.H we obtain that 

|r?i<5/n 



Qi...am — / J \r)*\m6 n 1^ I 



(oi,...,Q!m)eXci io>i 



1/po 



III ^ 1^ 



X 

J=2 



< C\\b\\BMoM,J{x) 
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provided S > n/pQ and x,z & Q. This completes our proof. 

As a consequence of Theorem 13.31 we have the following result. 

Theorem 3.4 LetT satisfy (Hi) and (H2), and letb G BMO'^. For any po < pi, . . . ,Pm < 
00 and p such that 1/pi + . . . + 1/pm = 1/P '^^'^ ^ ^ ^p/po' have 

m 

||Tg(/)|U.fe) <C||6bMo^ll/:'H^''^K)• 
J=l 

Proof: Since u G ^p/pg, there exists r > 1 so that u G Ap^^^^. Taking go = t"Po > Po, by 
Theorem 13. 3^ we have 

mflhnv,) < C||6bMo(||M,(T(/))(x)|U.(,,) + WM^MIUhv.))- 
Since id E A p^^^ and u G A p^^^ , using Proposition 12. 3[ we have 

m 

\\MUf)\\Lnv,)<Cl[\\f)h^,^^^). 
Moreover, Remark [2^ tells us that G Apm/po- This together with Theorem 13.21 gives 

m 

||M,(T(/l)|U.(„,)<C'||T(/)|U.(.,)<C'nil/.llL^.K.)- 

i=i 

This completes our proof. 



4 Application to multilinear Fourier multipliers 

In this section, we apply the results in Section 3 to investigate the weighted estimates for 
multilinear Fourier multiplier operators. Before coming to the details, we consider the 
linear case first. Let m G L°°{M."'). The Fourier multiplier operator Tm is defined by 

(27r)" J^n 

for all Schwart functions / G ^(M"), where / is the Fourier transform of /. 
It is well-known that if m satisfies the following condition 

\d^m{^)\ < Ca|^r° for all a < [n/2] + 1 

then Tm is bounded on for all 1 < p < 00, see for example [Dl Corollary 8.11]. 

We now consider the multilinear case. For the sake of simplicity, we only consider the 
bilinear case. Let m G C'^(M^"\{0}), for some integer s, satisfying the following condition: 

|a^"aXe,r/)|<C„,^(|e| + |r]|)-(l"l+l^l^ (4) 
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for all |a| + < s and {C,,f]) G R^^yjO}. The bilinear Fourier multiplier operator is 
defined by 

l^^j Jr" Jr" 

for all f,ge 5(R"). 

Concerning the boundedness of Tm, it was proved in |CM2] that if @ holds for s > 4n 
then Tm maps from L^^ x L^^ into for all 1 < pi,P2,P < C)0 so that 1/pi + l/p2 = 
Then, in |GTj . the authors proved that Tm maps boundedly from L^^ x into for all 
1 < Pi,P2 < C)0 so that l/pi + l/p2 = 1/P provided that (jl]) holds for s > 2?2 + l. However, 
in the sense of the linear case, the number of derivatives s > 2n + 1 is not optimum and 
it is natural to expect that we only need s > n + 1. The first positive answer is due to 
Tomita [T] who proved that if (jl]) holds for s > n + 1, then Tm maps from L^^ x L^^ into 

for all 2 < pi, p2, p < oo such that l/pi + l/p2 = 1/p and then by using the multilinear 
interpolation and duality arguments, he obtained that Tm maps from L^^ x L^^ into 
for all 1 < Pi,P2,P < oo such that 1/pi + l/p2 = This result was then improved by 
[GSj for p < 1 by using the L''-based Sobolev space, 1 < r < 2. We would like to point 
out a particular case of the result in [GSl Theorem 1.1] in the following theorem. 

Theorem 4.1 Assume that (j4]) holds for some n + 1 < s < 2n. Then for any pi,p2 and 
p such that — < pi,p2 < CO and l/pi + l/p2 = 1/p, the operator Tm maps from L^^ x L^^ 
into LP. 

We remark that the number — in Theorem 14.11 is contained imphcitly in the proof of 
pSl Theorem 1.1]. 

It is natural to raise the question of weighted estimates for multilinear operators Tm 
and their commutators with BMO functions. The aim of this section is to give a positive 
answer for this problem by using the results in Section 3. Our main results are formulated 
by the following theorem. 

Theorem 4.2 Assume that (jl]) holds for some n + 1 < s < 2n. Then for any pi,P2,P 
such that ro := ^ < Pi,P2 < oo, 1/pi + l/p2 = l/p, and u = {wi,W2) G Ap^^,^ with 

P = {PiyP2), we have 

((^) \\Tm{fl, f2)\\LP{va) < || /l IIlpi (u>i) || /2 ||lp2 (^,3) ; 

(b) UTmUflJ2)\\Lnv,) < CMBMollflhr'H^^^^^ {BMO{R-))\ 

It is easy to see that the associated kernel K{x,yi,y2) to Tm is given by 

K{x,yi,y2) = mXx - yi,x - y2) (5) 

where ni is the inverse Fourier transform of m. We now show that the associated kernel 
K satisfies (H2). 
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Proposition 4.3 For any 2 > p > 2n/s, we have, 

l/p' \x — 

\K{x,yi,y2) - K{x,yi,y2)f dyidy2 ] 

ls,{Q) JSkiQ) 

for all balls Q, all x,x E \Q and {j, k) 7^ (0, 0). 
Proof: Due to ([5]), we need only to show that 



Or r \l/p' \x — -f\s-2n/p 

/ \K{x,y,,y2)-K{x,y,,y2)fdy,dy2) < & ,^ ' 2^ -'"{^■^> (6) 



\rn{x-y,,x-y2)~rri{x-y,,x-y2)\^ dy.dy^) < & 2-™i^» 



for all balls Q, all x, a; G \Q and (j, k) 7^ (0, 0). 

Using the change of variables, this is equivalent to that 



\mXy + h,z + h)- mXy, z)\P'dydz) < C^^p^2-^-^^^^''=> 



(7) 



(8) 



for (j, k) 7^ (0, 0), where h = x — x and Qx = Q — x. 

Let ^ e 5(M2") satisfying supp ^ G {(^,r/) : 1/2 < |^| + \ri\ < 2} and 

J2'^{2-^^,2-^r]) = 1 for all {^,r]) G M2"\{0}. 

Therefore, we can write 

m{^,v) = $^^(2-^e,2-^r/)m(e,r/) := 5^m,(e,r/) (9) 

and hence supp rrij G {(■C)'?) ^ 2-'"-'^ < |,^| + \ri\ < 2-'+^}. 

Without of the loss of generality, we assume that k > j and hence k > 1. With the 
decomposition as in ([9]), we set 

Ai = ( f f \mi{y + h,z + h) - mi{y, z)\^' dydz) 
^ J Sj{Q-) J Sk{Q-) ' 

It is easy to see that 2^~'^R <\y^h\< 2^+^R and \z + h\ < 2^+^R for all y G Sk{Qx) and 
z G Sj{Qx), where R = l{Q)/2. Therefore, 

Ai<c( [ [ \mi{y,z)fdydzy^\ 

Since \x\ ~ 2}^R^ by Hausdoff- Young inequality, we have, for |a| = s. 



A, < C{2''Rp^\( [ [ \ynmi{y,z)\P'dydz 

< C2-''^R-^ V ( /" [ \d^mii^,7^)\Pd^dr] 



l/p' 
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Using the fact that supp rrii E : 2' ^ < |^| + |?7| < 2'+-*^} and condition (jl]), we get 

that 

This imphes that 

^ Ai< C2-^'R-'\h\'~^'''^ (10) 

l:2-l<\h\ 

provided 2n/p < s. 
We can also write 

mi{y + h,z + h) - mi{y, z) = (f[{y, z) 

where = Tni{$^,r]){e^^'^'^^'^'^^ — 1). 

Using Hausdoff- Young inequahty again, we obtain that, for |a| = s, 



\a\=s 

< C2-^'R-' [ [ \d^[M^.v){e'^'"^^''"^^ - ^Wd^dr] 



\a\=s 

Moreover, we have 

J2 mmi{^,vW^'-^^''-'^^ - 1)]| = Yl X \dj{e'^^<+^-^^ - 1)|. 

\a\=s \li\ + \l\=s 

Note that |5j(e*(^-«+''-^) - 1)1 < 1^1 1^1 if 7 = 0, otherwise 

|^7(e*{M+M) _ < |/,|7 < |/i|2-'(lTl-i) 

provided 2^\h\ < 1. 

Therefore, for all / with 2^\h\ < 1, we have 

Yl \d^[mi{^,v){e^'^'"''^^'''-''^ - 1)]| < C|/ii|2-'(l"l-^). 

\a\=s 

This together with ffTTl) gives 

Ai < (:72-'=^i?-"|/i|2-'("~2n/p-i) 

whenever 2'|/ii| < 1. Hence 

J2 Ai <C2-'''R-'\h\'-^''/P (12) 

l:2'\h\<l 

as long as 2n/p < s. 

Combining ( |T0|) and ( 1T2|) . we complete the proof. 

Proof of Theorem \4.^ ' Since u G ^p/rgy there exists mm{pi/rQ,p2/rQ} > a > 1 such 
that CO G Ap^^^^. Taking pq = arQ, we have pi,p2 > Po > r^. It follows from Theorem 14.11 
and Proposition 14.31 that satisfies (HI) and (H2) for po- Hence Theorem 14.21 is just a 
direct consequence of Theorems 13.21 and 13. 4[ 
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